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Bound states in the continuum (BICs), exotic resonances with infinite lifetimes embedded in radiation
continua, have long been studied for their topological robustness. Meanwhile, nodal lines—degenerate
momentum-space manifolds in photonic and electronic band structures—represent another cornerstone of
topological physics. Here, we unveil a profound connection between these phenomena by demonstrating
that BICs act as topological chain points pinning together nodal lines within scattering-matrix eigenvalue
space. Through scattering-matrix eigenphase analysis, we show that BICs enforce robust nodal chain
formation in frequency-momentum space, even when system symmetries are broken. Experimentally, we
validate this mechanism using a metasurface platform, where angle-resolved phase measurements reveal
nodal lines intersecting at a symmetry-protected BIC. Strikingly, breaking mirror symmetry preserves the
BIC-pinned nodal chain, highlighting its origin in the intrinsic singular scattering nature of BICs rather than
conventional symmetry protection. This Letter establishes scattering matrices as a natural framework to
unify BICs and nodal topology, offering new pathways to engineer topologically robust photonic systems
resilient to perturbations. Our findings bridge fundamental concepts in topological photonics and open
avenues for applications in metasurfaces and light-matter interaction control.
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Introduction—Bound states in the continuum (BICs) are
nonradiative states whose confinement stems from their
fundamental topological nature despite existing within
radiating mode continua [1–13]. This topological protec-
tion manifests in momentum-space eigenpolarizations,
where BICs serve as polarization vortex centers carrying
topological charges [14–21]. These properties enable spin-
orbit interactions, leading to phenomena such as optical
vortex generation and beam shifting [20,22,23]. The robust
nature of these singular features makes them valuable for
designing photonic devices maintaining functionality
despite structural imperfections.

In parallel, nodal lines—continuous band degeneracies
characterized by linear crossings (diabolic points, DPs
[24–26])—have emerged as fundamental topological fea-
tures in Hamiltonian matrices describing electronic and
photonic band structures [25,27–36]. These lines naturally
form nodal chains in systems with specific symmetries,
revealing rich topological structures. While both BICs and
nodal lines have been extensively studied separately, their
potential connection through scattering processes remains
unexplored.
In this Letter, we reveal a striking connection between

BICs and nodal lines within the scattering matrix—a
fundamental tool for describing light-structure interactions
[37,38]. By analyzing scattering matrix eigenvalues, we
discover that BICs act as chain points pinning together
nodal lines, forming robust nodal chains in frequency-
momentum space. Through experimental measurements on
a reflective metasurface with required symmetries, we
validate this previously unrecognized aspect of BIC top-
ology in scattering processes. Remarkably, the nodal chain
pinning persists even when mirror symmetry is broken,
demonstrating that its robustness stems not from simple
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symmetry protection but from the intrinsic singular char-
acteristic of BICs. These findings uncover a deeper con-
nection between BICs and scattering processes, opening
new avenues for controlling light-matter interactions
through topologically protected features.
Results—Theoretical description of nodal lines in scat-

tering matrices: We begin with lossless reflective meta-
surface structures terminated by perfect mirrors. Such
systems are fully described by 2 × 2 scattering matrices,
as mirror substrates eliminate transmission channels and
material loss absence ensures energy conservation (unitar-
ity of scattering matrix). This provides an ideal platform to
study the essential physics. The scattering matrix entries are
complex reflection coefficients rij, where i and j denote
polarization states parallel (p) and perpendicular (s) to the

incidence plane: Sðω;kkÞ ¼
�
rpprps
rsprss

�
. Fundamental sym-

metries constrain these entries [37–39]. For example, with
C2 symmetry and Lorentz reciprocity, antidiagonal entries
must be equal:

rji ¼ rij: ð1Þ

Further with time-reversal symmetry:

rppr�ps þ rpsr�ss ¼ 0;

rppr�pp þ rspr�sp ¼ rssr�ss þ rpsr�ps ¼ 1: ð2Þ

As a result, the full scattering matrix is expressed by three
real parameters a∈ ½0; 1�, ϕ1;ϕ2 ∈ ½0; 2πÞ:

rss¼−aeiϕ1 ; rps¼ rsp¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1−a2

p
eiϕ2 ;

rpp¼ aeið2ϕ2−ϕ1Þ;

S¼
�
aeið2ϕ2−ϕ1Þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1−a2

p
eiϕ2ffiffiffiffiffiffiffiffiffiffiffiffi

1−a2
p

eiϕ2 −aeiϕ1

�
: ð3Þ

Detailed derivations showing how these symmetry con-
straints lead to the three-parameter form appear in
Supplemental Material [40]. This parametrization auto-
matically enforces unitarity due to energy conservation in
lossless system. The eigenvectors ν will be

ν¼ ν0eiφ;

ν0ðω; kx; kyÞ ¼
�
−a cosðϕ2 −ϕ1Þ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− a2sin2ðϕ2 −ϕ1Þ

q
;

ffiffiffiffiffiffiffiffiffiffiffiffi
1− a2

p �
T
; ð4Þ

where φ is arbitrary phase.
The eigenvector ν ¼ ν0eiφ describes a polarization state,

where overall phase eiφ is physically irrelevant. Physical
content resides entirely in the real vector ν0, specifying a
“linear polarization orientation” in the s-p plane. Since

linear polarization is defined only by orientation (not
direction), states differing by 180° are identical.
Mathematically, the “linear-polarization-orientation space”
is topologically equivalent to circle S1 (or real projective
line RP1), with fundamental group π1ðS1Þ ¼ Z. This
integer group characterizes how many times polarization
orientation winds by π traversing a closed path in fre-
quency-momentum space, with each integer corresponding
to topologically distinct winding configurations. Such
configurations necessitate singularities—points where
eigenvector orientation becomes ill-defined due to eigen-
value degeneracy. The simplest nontrivial case corresponds
to single π winding (winding number �1), where ν returns
to itself up to sign after traversing the path, corresponding
to a DP. One can then conclude that, protected by combined
C2 symmetry, reciprocity, and time-reversal symmetry,
nodal lines formed by DPs naturally arise and robustly
exist in frequency-momentum space. Such a line is
the “extrusion” of DPs into three-dimensional parameter
space [29].
Scattering-matrix nodal chains and BICs: Additional

symmetries can constrain nodal lines to specific subspaces
in frequency-momentum space, potentially forming nodal
chains. For example, mirror symmetries “lock” these robust
nodal lines onto mirror planes [41]. In systems with
intersecting mirror planes (e.g., C2v-symmetric structures),
nodal lines on these planes can form configurations with
crossing points as “chain points.” When these symmetries
are broken, such nodal chains (like those found in
Hamiltonian systems) generally split into separate nodal
lines in the 3D frequency-momentum space.
Interestingly, we discover a special class of robust nodal

chains pinned by BICs, as illustrated in Fig. 1(b). This
pinning mechanism persists when mirror symmetries break,
though we best understand its origin by first examining
eigenvalue structure in mirror-symmetric systems. As the
scattering matrix is unitary, its eigenvalues are constrained
to the complex unit circle, and we gain clear physical
insight examining their phases (eigenphases). When the in-
plane wave vector of the considered scattering process lies
in mirror-symmetric directions (e.g., kx ¼ 0 or ky ¼ 0),
eigenscattering channels separate by different mirror par-
ities (corresponding to x- or y-polarized modes). For
regular resonances with such mirror-symmetric in-plane
wave vectors, the eigenphase in its eigenscattering channel
exhibits smooth 2π phase change as scattering frequency ω
traverses its eigenfrequency, with a change rate propor-
tional to the bandwidth, as shown in Fig. 1(a) (top panel). A
BIC represents the limiting case where bandwidth
approaches zero, resulting in a sudden 2π phase jump at
BIC frequency ωBIC (Fig. 1, bottom panel). This 2π phase
jump, while mathematically trivial in the cyclic eigenphase
space of unitary scattering matrices (as 2π ≡ 0), represents
a unique topological feature impossible in Hamiltonian
systems where eigenvalues span unbounded ranges.
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This distinctive scattering matrix behavior has profound
implications in 3D frequency-momentum space.
Consider a BIC at the Γ point in frequency-momentum

space. When the eigenphase in the BIC’s mirror-parity
channel undergoes this sudden 2π jump at the Γ point, it
spans the complete eigenphase value range, inevitably
intersecting the opposite-parity channel eigenphase. This
crossing is “invisible” due to the 0-2π equivalence, as
illustrated in Fig. 1(b) (top right). The crossing’s true
significance emerges moving away from Γ along mirror-
symmetric directions. Even infinitesimal displacement
transforms the BIC into a finite-bandwidth resonance with
continuous phase evolution, making the crossing explicitly
observable [Fig. 1(b), bottom right panel]. As we continue
moving along the mirror-symmetric directions, this cross-
ing traces a continuous line of mirror-symmetry-protected
eigenvalue degeneracies, forming a nodal line pinned to the
BIC. In systems with two intersecting mirror planes, this
mechanism naturally gives two nodal lines intersecting at
the BIC, which serves as a chain point in frequency-
momentum space [Fig. 1(b), left panel].

Numerical demonstration of BIC-pinned nodal chains:
We numerically analyzed a reflective metasurface structure
using finite-element method (FEM) simulations (see
Methods) to demonstrate our theoretical predictions about
BIC-pinned nodal chains. The structure consists of a
metallic layer etched with periodic long rectangular slots
on a dielectric substrate (dielectric constant εr ¼ 6.15,
thickness t ¼ 0.635 mm), backed by a metallic mirror
[Fig. 2(a), inset]. The rectangular slots, each 3-mm wide
and separated by 1.5-mm metallic strips, form a one-
dimensional grating with period a ¼ 4.5 mm. This con-
figuration exhibits C2v symmetry with two perpendicular
mirror planes, providing necessary symmetry conditions
for both BIC and nodal chain formations.
Figure 2(a) shows the eigenfrequency dispersion

relation—the resonance frequency ωresonant of metastruc-
ture modes as a function of the in-plane wave
vector ðkx; kyÞ—represented by solid lines in frequency-
momentum space. Shaded areas represent the decay ratio
(bandwidth) of eigenresonances. In the lower band, the
decay ratio vanishes at a specific point, indicating BIC
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FIG. 1. Behavior of scattering matrix eigenvalues and interaction between nodal lines and bound states in the continuum (BICs).
(a) Phase behavior of eigenmodes in reflective systems with mirror symmetry. For regular resonances (top) with a mirror symmetric
incident wave vector, the eigenphase in the eigenscattering channel ϕeig exhibits smooth 2π phase change as frequency ω traverses the
resonance. In contrast, a bound state in the continuum (BIC, bottom) introduces a sudden 2π phase jump at BIC frequency ωBIC due to
zero decay ratio and bandwidth. This phase jump appears mathematically trivial (as 2π ≡ 0), but its significance becomes clear in 3D
frequency-momentum space. (b) Effects of BICs on the eigenvalue structure and connection to scattering-matrix nodal lines. The left
panel shows 3D frequency-momentum space with nodal lines (light red) corresponding to symmetry-protected eigenvalue degeneracies.
The BIC (dark red) acts as a “chain point” where two nodal lines intersect. Right panels show phase behavior of eigenvalues ϕeig;1 and
ϕeig;2: at the Γ point (BIC location), the eigenvalue in the BIC’s mirror-parity channel undergoes a sudden 2π jump. This jump crosses
the orthogonal-channel eigenvalue, but this crossing is “invisible” due to the phase jump nature. Moving away from the Γ point (even
infinitesimally) in mirror-symmetric directions (kx ¼ 0 or ky ¼ 0), the BIC becomes a regular resonance, and the sudden jump
transitions to a smooth phase change, making the crossing a true mirror-symmetry-protected degeneracy point. Consequently, the BIC
has a mirror-symmetry-protected nodal line pinned on it. Two intersecting mirror planes lead to two intersecting nodal lines with the BIC
as chain point.
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presence. These dispersion curves, analyzed through scat-
tering matrix formalism, give rise to two nodal lines in the
scattering-matrix eigenvalue space (dashed lines) that
intersect at this BIC point, demonstrating predicted
chain-point behavior.
Scattering-matrix eigenvalue surfaces [Fig. 2(b), left

panels] reveal the phase evolution of the two eigenvalues
ϕeig in different momentum slices. At kya=2π ¼ 0.1 (top)
and kxa=2π ¼ 0.1 (bottom), we observe conical eigenvalue
degeneracies, i.e., DPs, where respective momentum slices
intersect nodal lines. These intersections provide direct
evidence of the nodal chain structure pinned by the BIC.
The topology of these nodal lines becomes evident

through scattering-matrix eigenvector examination. Right
panels of Fig. 2(b) visualize these eigenvectors as line
segments in the frequency-momentum space, with colors
corresponding to the associated eigenvalue surfaces shown
in left panels. Around each DP, we observe distinct vortex
patterns where eigenvector orientation winds by π around
the degeneracy point—precisely matching the topological
charge predicted. These characteristic vortex patterns verify
our theoretical framework and demonstrate nodal chain
formation associated with BIC in the scattering-matrix
eigenvalue space. To demonstrate this phenomenon’s

generality beyond metallic structures, we performed addi-
tional FEM simulations on all-dielectric metasurfaces with
perfect-mirror substrates (see Supplemental Material [40]),
confirming BIC-pinned nodal chains persist in dielectric
systems.
Experimental verification of BIC-associated nodal

chains: We fabricated the metasurface structure using
printed circuit board (PCB) technology and performed
angle-resolved phase measurements to verify nodal chain
existence in scattering-matrix eigenvalue space. The sam-
ple consists of a 200 × 200 mm2 Rogers RO3006 PCB
board, both sides initially copper covered. Through selec-
tive etching on one side, we created a grating pattern within
a central ∼135 × 135 mm2 area, preserving the back
copper layer as a mirror [inset of Fig. 3(a)].
The experimental setup [Fig. 3(a)] consists of a source

and receiver positioned in a far-field region, two meters
from the sample, housed in an anechoic chamber to
minimize multipath effects. Wideband circular polarizers
[42,43] are placed before the source and receiver antennas
to achieve clockwise-incident and counterclockwise-
received circular polarizations. The source and receiver
positions were adjusted to achieve incident lifting angles
θinc of 8°, 12°, and 16°. By rotating the sample mounting
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FIG. 2. Numerical demonstration of nodal chain phenomenon in a reflective metasurface structure. (a) Inset: schematic of simulated
reflective metasurface structure, fabricated using a printed circuit board (PCB). The structure consists of metallic grating (etched with
long rectangular slots) on a dielectric substrate, backed by a metallic mirror layer. The overall structure exhibits C2v symmetry with two
perpendicular mirror planes. The eigenfrequency dispersion relation in the frequency-momentum space (solid lines for kx and ky) results
in two scattering-matrix-eigenvalue nodal lines (dashed lines) pinned at a BIC, forming a nodal chain. The BIC acts as a fixed point
where nodal lines intersect, dictated by the system symmetry constraints. (b) Left: eigenvalue surfaces of scattering matrix, showing
phase evolution of the two eigenvalues ϕeig in the frequency-momentum domain. The upper panel corresponds to the slice at
kya=2π ¼ 0.1, while the lower panel shows the slice at kxa=2π ¼ 0.1. In each momentum slice, a diabolic point (conical eigenvalue
degeneracy) appears where the slice cuts through a nodal line. Right: eigenpolarization maps displaying scattering-matrix eigenvectors
at the two momentum slices, visualized as polarization ellipses in the frequency-momentum space. Protected by fundamental
symmetries, eigenpolarizations are all linear, and all ellipses become line segments. The colors of polarization ellipses correspond to the
eigenvalue surfaces. Polarization vortices are clearly visible around the DPs.
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rack to vary the azimuthal angle ϕinc and measuring
reflected fields using a vector network analyzer (VNA),
we mapped a cross-circularly-polarized reflection phase in
frequency-momentum space. For comparison with theo-
retical predictions, the measured incident angles were

transformed into the in-plane wave vector kk using the
relation kk ¼ k0θinc.
The experimental phase map reveals a clear nodal chain

structure [Fig. 3(b)]. Those scattering-matrix nodal lines
are experimentally identified through phase vortices
in a cross-circularly-polarized reflection coefficient [41],
where phase undergoes a continuous 2π winding around
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FIG. 4. Effect of breaking mirror symmetry on nodal chain
structures and BIC behavior. (a) Inset: schematic of the simulated
reflective metasurface structure, designed based on a PCB. The
structure consists of a metallic layer (etched with elliptical holes)
on a dielectric substrate backed by a mirror layer. The thickness
of the dielectric layer is the same as in the grating structure. The
metasurface exhibits C2v symmetry when the ellipses are upright,
leading to a nodal chain structure in the ω-kx-ky space. One of the
nodal chain points is a BIC, while the other is a regular diabolic
point (or a conventional chain point). (b) To explore whether the
nodal chain behavior of the BIC is dependent on mirror
symmetry, we rotate the elliptical holes by α ¼ 22.5°, breaking
the mirror symmetry while retaining C2 rotational symmetry.
Despite the removal of mirror symmetry, the nodal chain point at
the BIC remains robust, confirming that the nodal chain pinning
behavior of the BIC is a more fundamental phenomenon and is
not reliant on mirror symmetry. However, the conventional chain
point, which is not protected by the same mechanism, disappears.
This demonstrates that the BIC’s nodal chain pinning is governed
by its singular scattering behavior, not a specific symmetry.
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FIG. 3. Experimental observation of nodal lines and their
connection to BICs through phase vortices. (a) Experimental setup
for angle-resolved metasurface measurement. The fabricated gra-
ting sample, made using a PCB, consists of a metallic layer (etched
with long rectangular slots) on a dielectric substrate backed by a
mirror layer. Source (Tx) and receiver (Rx), each equipped with a
quarter-wave plate for circular polarization control, are positioned
two meters from the sample in the far-field region. The incident
beam is clockwise polarized while the receiver detects counter-
clockwise-polarized reflection. The reflected field is recorded
using a vector network analyzer (VNA) at specific incident lifting
angles θinc. An incident azimuthal angle ϕinc is varied by rotating
the sample mounting rack. The setup is housed in an anechoic
chamber to minimize multipath effects and external interferences.
Themeasurement captures the cross-circularly-polarized reflection
phase as a function of ϕinc and frequency ω, enabling phase vortex
detection, which serve as signatures of scattering-matrix DPs.
(b) Experimental observation of phase behavior in frequency-
momentum space. The plotted phase is the argument of the cross-
circular polarization reflection coefficient (converting clockwise to
counterclockwise circular polarization), the standard quantity
measured to reveal geometric phase vortices associated with
diabolic points. The 3D phase map reveals nodal lines (light red
lines) in ω-kx-ky space, with phase vortices observed at azimuthal
angles approximately m × 90°. Curved arrows indicate the phase-
increasing direction around these vortices. Nodal lines converge at
the BIC (located at the Γ point), forming a nodal chain, consistent
with the theoretical model.
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degeneracy points. In our measurements, these character-
istic phase vortices appear at azimuthal angles approxi-
mately m × 90°, indicated by the curved arrows showing a
phase-accumulation direction. These vortices serve as
experimental signatures of scattering-matrix DPs. The
observed nodal lines (light red) converge at the Γ point
where the BIC is located, forming the nodal chain structure
predicted by theoretical analysis and numerical simula-
tions. The experimental results demonstrate good agree-
ment with predictions, confirming fundamental connection
between BICs and nodal chains in scattering-matrix eigen-
value space.
Robustness against symmetry breaking: Building

upon our theoretical framework and simulations, we
demonstrate that the physics of BIC-associated nodal
chains exhibits remarkable robustness under both geo-
metric modifications and symmetry reduction. We modi-
fied our metasurface design by changing rectangular slots
to elliptical holes while maintaining PCB-based structure,
now with a square lattice (period a0 ¼ 0.35 cm) and
adjusted dielectric thickness (t0 ¼ 0.25 mm) [Fig. 4(a),
inset]. The elliptical holes have major axis ra ¼ 0.9a0
and minor axis rb ¼ 0.8a0. This modified structure,
with upright ellipses, preserves C2v symmetry with two
perpendicular mirror planes. Figure 4(a) shows the
scattering-matrix eigenvalue calculation, revealing a nodal
chain with its chain point manifesting as a BIC and
another with a conventional chain point, demonstrating
the nodal chain pinning phenomenon persists under
geometric modifications.
The most striking evidence of the phenomenon’s funda-

mental nature emerges rotating these elliptical holes by
α ¼ 22.5°. This breaks mirror symmetry while preserving
only C2 rotational symmetry. Our calculations reveal,
remarkably, that while the conventional chain point van-
ishes under this symmetry reduction, the nodal chain point
at the BIC remains robust [Fig. 4(b)]. This selective
persistence demonstrates nodal chain pinning at BICs
transcends both geometric specifics and mirror symmetry
protection, instead arising from fundamental singular
scattering behavior of the BIC itself. Detailed analysis in
Supplemental Material [40], including simulations of off-Γ
Friedrich-Wintgen BICs using rigorous coupled-wave
analysis (RCWA), demonstrates that C2 symmetry, with
reciprocity and time-reversal symmetry, acts as a global
topological constraint rather than merely a local protection
mechanism. The robustness traces to BICs’ physical nature
as zero- bandwidth resonances, guaranteeing a nontrivial
2π eigenphase jump regardless of symmetry conditions—a
feature persisting even when mirror symmetry is broken.
The fundamental distinction between BIC-pinned and
conventional mirror-symmetry-protected chain points
appears through eigenvalue difference analysis (see
Supplemental Material [40]): BIC points manifest as
sudden jumps in eigenphase difference maps, whereas

normal chain points show continuous behavior. This
suggests the existence of a more sophisticated topological
invariant beyond simple Berry phase calculations.
Conclusion—We have uncovered a fundamental con-

nection between BICs and nodal lines in scattering matrix
descriptions of electromagnetic systems. We demonstrated
that BICs serve as robust pinning points for nodal chains in
scattering-matrix eigenvalue space, establishing a new
topological perspective on scattering processes. Through
theoretical analysis, numerical simulations, and experimen-
tal validation using a reflective metasurface platform, we
showed this pinning mechanism persists even when struc-
tural symmetries break, indicating its origin in the funda-
mental singular scattering nature of BICs rather than simple
symmetry protection.
This discovery bridges two previously distinct areas of

topological physics—BICs and nodal lines—through the
scattering matrix framework. The robustness of BIC-
pinned nodal chains, stemming from intrinsic topological
character of zero-bandwidth resonances, suggests potential
applications in designing topologically protected optical
devices [44] resilient to fabrication imperfections and
structural perturbations. This Letter opens several exciting
directions for future investigation. Extension to higher-
dimensional scattering matrices involving transmission and
diffraction channels may reveal non-Abelian singularities
characterized by matrix-valued topological invariants
[33,45,46]. In transmissive systems, the 4 × 4 (or higher-
dimensional) scattering matrices should preserve funda-
mental BIC-pinned nodal chain mechanism while enabling
richer topological structures. Additionally, these nodal
chains’ evolution under material loss and parity-time
symmetric conditions presents intriguing possibilities for
exploring the interplay between non-Hermiticity and topo-
logical features in scattering processes [47–53]. In lossy
optical systems, material absorption breaks scattering
matrix unitarity, fundamentally altering the topological
structure. Under loss, nodal chains transform into excep-
tional lines—non-Hermitian analogs of nodal degeneracies.
Although the BIC-pinning mechanism breaks down under
loss, the spawned exceptional lines [41] remain localized
near original BIC positions, preserving a remnant con-
nection to underlying topological structure. These excep-
tional lines inherit certain topological properties and exhibit
rich chiral polarization structures, opening distinct pos-
sibilities for non-Hermitian topological photonics and
practical applications such as enhanced sensing. These
directions may lead to novel approaches for controlling
topologically protected states in photonic systems.
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End Matter

Methods—Simulations and determination of diabolic
points: Eigenmode and scattering matrix simulations
were conducted using a finite-element method. The
simulation domain consists of a square unit cell
comprising an air pillar, a single unit cell of the

metasurface (grating) backed by a metallic layer. The
metallic strips and layer are simplified by applying a
perfect electric conductor boundary condition. Periodic
(Bloch) boundary conditions were applied along the x
and y directions to model the infinite periodic structure,
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while perfect matching layers were implemented in the
þz direction to simulate an open boundary.
For eigenmode simulations, no external source was

introduced, and only the eigenfrequencies of the system
were solved. On the other hand, for scattering matrix
simulations, plane-wave sources were applied with periodic
ports to excite the system at different frequencies and
different incident angles. To fully characterize the scatter-
ing matrix, two independent simulations were performed
for each incident angle, corresponding to orthogonal
incident polarizations p and s, so that the reflection
coefficients rpp; rsp; rss; rps can be obtained.
To determine the position of DPs in the frequency-

momentum space so that we can map out the nodal lines
and chains, we first perform scattering simulations sweep-
ing kx and ω with different fixed values of ky. In each ω-kx
map, we then calculate the eigenvalues and obtain their
differences as a map. The zero points in these difference
maps represent diabolic points, and connecting them gives
the nodal lines.
Sample measurements: The experimental characteriza-

tion of the metasurface sample is performed in an anechoic
chamber to minimize external electromagnetic interference

and unwanted reflections. The experimental setup consists
of a transmitting (Tx) horn antenna, a receiving (Rx) horn
antenna, two polarizers, and a vector network analyzer
(VNA, Keysight PNA 5227B). The horn antennas are
connected to the two ports of the VNA via 50-Ω coaxial
cables. To achieve circular polarization, two wideband 3D-
printed polarizers are positioned on the apertures of the horn
antennas, effectively converting the linearly polarized waves
emitted by the antennas into circularly polarized waves.
Detailed information on the polarizer design is provided in
Supplemental Material [40]. The metasurface reflections are
recorded by measuring the S21 parameter on the VNA. The
frequency range formeasurements spans from 35 to 50GHz.
To suppress the noise floor, the VNA’s intermediate fre-
quency bandwidth is set to 200 Hz. Both the Tx and Rx
antennas are placed twometers away from themetasurface to
ensure uniform planewave illumination across the measured
frequency range. Before characterizing the metasurface, a
plain PCBmetal platewith identical dimensions ismeasured,
and its data serves as the reference phase. Subsequently, the
metasurface reflections are recorded, and the experimental
phase map is obtained by subtracting the raw phases of the
metasurface from those of the plain PCB plate.
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